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In this paper we give a geometric proof for a version of the Pinchuk solution of the Strong
Real Jacobian Conjecture. Moreover, we compute the location of the zero sets on the
Pinchuk surface of the determinant of the Jacobians of the corresponding étale mappings.
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1. Introduction
Étale exotic surfaces S are affine complex surfaces for which there is a polynomial diffeomorphism C2 → S but for
which there does not exist any étale regular S → C2. These surfaces arise naturally in the investigation of the Jacobian
Conjecture [1–7].
The Pinchuk solution of the Real Jacobian Conjecture [8] can be viewed as a construction of a real Jacobian pair among
the affine ring of regular functions of the real surface parametrized as follows: X = V , Y = VU, Z = VU2+U . As was proved
in [2,6,7] such a construction is impossible over the complex field and hence cannot serve to provide a counterexample to
the Jacobian Conjecture. The geometric meaning of that algebraic fact amounts in the assertion that the following complex
surface: S3 : X = V , Y = VU, Z = VU2 + U is étale exotic.
The aim of this paper is to give a geometric proof for a version of the étale exoticity of S3 (as opposed to the algebraic
proof in [2]). We will prove that there does not exist an étale map S3 → C2 whose coordinate functions are the complex
extensions of c2 (twice differentiable) functions in the three complex variables (Z − X, Y , i(Z + X)). Thus the exoticity is
now proved also for maps that are only c2 (not necessarily polynomial) (Theorem 2.9). Moreover, we will be able to point at
a very small subset of S3 which must contain zeros of the Jacobian of any such maps (Theorem 2.11). This is the following
set: 
X,−1
2
±

1
4
− |X |2,−X

|X ∈ C, |X | ≤ 1
2

.
This makes our result more precise than the previous results that only asserted the existence of such zeros (without
indicating what is the geometric location of these zeros).
2. A geometric proof for a version of the étale exoticity of the surface S3
Proposition 2.1. Let P(X, Y , Z),Q (X, Y , Z) ∈ C[X, Y , Z] and let F(X, Y , Z) = XZ − Y (Y + 1). Let S3 be the surface in C3
parametrized by
X = V , Y = VU, Z = VU2 + U .
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Then
∂(P(V , VU, VU2 + U),Q (V , VU, VU2 + U))
∂(U, V )
= − ∂(F , P,Q )
∂(X, Y , Z)

S3
.
(Remark: the surface XZ − Y (Y + 1) = 0 is a Danielewski surface, [9–12].)
Proof. This is a straightforward computation. 
Notation. Let K be a field (endowed with a topology). The class of all the K -valued functions over K n (i.e. in n variables) that
have all the derivatives up to and including those of ordermwill be denoted by cm(K n).
Notation. For the next proposition we recall that if F(X, Y , Z) is a differentiable function and V (X, Y , Z) = (V1, V2, V3) is a
differentiable vector field then the gradient of F is∇F = (FX , FY , FZ ) and the divergence of V is divV = (V1)X+(V2)Y+(V3)Z .
Proposition 2.2. If P,Q ∈ c2(C3) and V (X, Y , Z) = ∇P ×∇Q then divV ≡ 0.
Proof. This easy computation is a well-known fact from calculus. 
Definition 2.3. The c1(C3) surface S(X, Y , Z) = 0 is said to have the property τ with respect to the ring of functions
A ⊆ c1(C3), if for any pair P(X, Y , Z),Q (X, Y , Z) ∈ A there exists a point (X0, Y0, Z0) ∈ C3 satisfying
S(X0, Y0, Z0) = ∂(S, P,Q )
∂(X, Y , Z)
(X0, Y0, Z0) = 0.
We recall the notion of an étale exotic surface S; see [3,2,4,1,5–7]:
This is a surface for which (a) there is a diffeomorphism φ : C2 → S which is realized by a birational map φ, but (b) there
is no regular étale map S → C2 (into C2).
Proposition 2.4. (a) S3 is étale exotic iff S3 has the property τ with respect to C[X, Y , Z].
(b) If S(X, Y , Z) has Jacobian mates (here S(X, Y , Z) ∈ C[X, Y , Z]) then the algebraic surface S(X, Y , Z) = 0 does not have the
property τ with respect to C[X, Y , Z].
(c) If the c1(C3) surface S(X, Y , Z) = 0 has a singular point then it has the property τ with respect to any ring of functions
A ⊆ c1(C3).
Proof. (a) The direction⇒: S3 is étale exotic⇔ there is no regular étale map S3 → C2 ⇔ ∀P,Q ∈ C[X, Y , Z], ∂(P,Q )/
∂(U, V )|(X,Y ,Z)=(V ,VU,VU2+U) has a zero ⇔ ∂(F , P,Q )/∂(X, Y , Z)|S3 has a zero, where F(X, Y , Z) = XZ − Y (Y + 1) (This
follows by Proposition 2.1)⇒ S3 has the property τ with respect to C[X, Y , Z].
The direction⇐: suppose that S3 has the property τ with respect to C[X, Y , Z]. We have to show that S3 is étale exotic.
Let P,Q ∈ C[X, Y , Z]. Suppose on the contrary that (P,Q ) : S3 → C2 is étale. On the other hand by Proposition 2.1:
∂(P,Q )
∂(U, V )

(X,Y ,Z)=(V ,VU,VU2+U)
= − ∂(F , P,Q )
∂(X, Y , Z)

S3
and so by continuity the Jacobian of (P,Q ) : S3 → C2 is
− ∂(F , P,Q )
∂(X, Y , Z)

S3
.
By the τ property of S3∃(X0, Y0, Z0) ∈ S3 such that
∂(F , P,Q )
∂(X, Y , Z)
(X0, Y0, Z0) = 0.
This contradicts the fact that (P,Q ) : S3 → C2 is étale.
(b) and (c) are clear. 
A problem. Is the converse of Proposition 2.4(b) true?
Proposition 2.5. S3 is linearly equivalent to the complexification of the unit sphere:
SP2 : U2 + V 2 +W 2 = 1.
Proof. S3 : XZ = Y (Y + 1). We define a linear T : S3 → SP2 by
X →−1
2
(U + iW ), Y → 1
2
(V − 1), Z → 1
2
(U − iW ). 
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Proposition 2.6. Let S(X, Y , Z) ∈ C[X, Y , Z], T (U, V ,W ) ∈ C[U, V ,W ]. If there exists a polynomial automorphism L of
C[X, Y , Z] → C[U, V ,W ] such that T (U, V ,W ) = S(L(X), L(Y ), L(Z)) then the surface S(X, Y , Z) = 0 has the property
τ with respect to C[X, Y , Z] iff the surface T (U, V ,W ) = 0 has the property τ with respect to C[U, V ,W ].
Proof. This is essentially a consequence of the chain rule and the well-known fact that L−1 is also polynomial. 
Proposition 2.7. Any c1(R3) closed surface (over the real field R) has the property τ with respect to c2(R3).
Proof. Let S be a c1(R3) closed surface inR3 that bounds the domain V . Let us assume, in order to get a contradiction, that S
does not have the property τ with respect to c2(R3). Then there exists a pair P(X, Y , Z),Q (X, Y , Z) ∈ c2(R3) such that the
vector field
V (X, Y , Z) = ∇P ×∇Q |S
is never perpendicular to the unit normal n(X, Y , Z) at any point (X, Y , Z) on S. Assume that the anglesα between V (X, Y , Z)
and n(X, Y , Z) satisfy 0 ≤ α < π/2. Then we have
V (X, Y , Z) · n(X, Y , Z) > 0 ∀(X, Y , Z) ∈ S
and hence∫∫
S
V (X, Y , Z) · n(X, Y , Z)dS > 0
where we integrate over the surface S. Since S is closed it follows from the Divergence theorem that∫∫∫
V
divV (X, Y , Z)dXdYdZ =
∫∫
S
V (X, Y , Z) · n(X, Y , Z)dS > 0.
However by Proposition 2.2, divV (X, Y , Z) ≡ 0. 
Definition 2.8. Let A[X, Y , Z] be a ring of real valued functions R3 → R (in the real variables (X, Y , Z)). We will write CA
to indicate that we allow the variables (X, Y , Z) to be complex. Thus obtaining functions C3 → C.
Theorem 2.9. S3 has the property τ with respect to
Cc2(R3)[Z − X, Y , i(Z + X)].
Proof. By Proposition 2.5 there is a linear equivalence
T : S3 : XZ = Y (Y + 1)→ SP2 : U2 + V 2 +W 2 = 1
where
T (X) = −1
2
(U + iW ), T (Y ) = 1
2
(V − 1), T (Z) = 1
2
(U − iW )
and hence
T−1(U) = Z − X, T−1(V ) = 2Y + 1, T−1(W ) = i(Z + X).
By Proposition 2.7, SP2∩R3 has the property τ with respect to c2(R3)[U, V ,W ]. Hence SP2 has the property τ with respect to
Cc2(R3)[U, V ,W ]. Hence S3 has the property τ with respect toCc2(R3)[T−1(U), T−1(V ), T−1(W )] = Cc2(R3)[Z−X, 2Y +
1, i(Z + X)] = Cc2(R3)[Z − X, Y , i(Z + X)]. 
Remark 2.10. The conclusion of Theorem 2.9 has aspects which make it weaker and aspects which make it stronger than
the statement that S3 is étale exotic. Let us explain that an immediate consequence of Theorem 2.9 is that S3 has the property
τ with respect to CR[Z − X, Y , i(Z + X)]. This is weaker than saying that S3 has the property τ with respect to C[X, Y , Z]
which by Proposition 2.4(a) is equivalent to the étale exoticity of S3.
On the other hand Theorem 2.9 asserts that S3 has the property τ with respect to Cc2(R3)[Z − X, Y , i(Z + X)]which, of
course, includes many non-polynomial functions and so Theorem 2.9 is not a consequence of the étale exoticity of S3.
We end by stating and proving one more result which follows from our proof of Theorem 2.9. This result shows how
precise we can be about the τ property of S3.
Theorem 2.11.
∀P(Z − X, Y , i(Z + X)),Q (Z − X, Y , i(Z + X)) ∈ Cc2(R3)[Z − X, Y , i(Z + X)]
the zero set
(X, Y , Z) ∈ R3 | ∂(XZ − Y (Y + 1), P,Q )
∂(X, Y , Z)
= 0

R. Peretz / Applied Mathematics Letters 24 (2011) 850–853 853
intersects the following subset of S3:
X,−1
2
±

1
4
− |X |2,−X
 X ∈ C, |X | ≤ 12

.
Proof. We will arrive at the conclusion by following carefully the proof of Theorem 2.9: S3 has the property τ with respect
to Cc2(R3)[Z − X, Y , i(Z + X)] because it is linearly equivalent to SP2 and because SP2 ∩R3 has the property τ with respect
to c2(R3)[U, V ,W ]. This last fact means that ∀A(U, V ,W ), B(U, V ,W ) ∈ c2(R3)[U, V ,W ]∃(U0, V0,W0) ∈ R3 s.t.
U20 + V 20 +W 20 − 1 =
∂(U2 + V 2 +W 2 − 1, A, B)
∂(U, V ,W )
(U0, V0,W0) = 0
and hence by the special form of the linear equivalence we have ∀P(Z − X, Y , i(Z + X)),Q (Z − X, Y , i(Z + X)) ∈ Cc2(R3)
[Z − X, Y , i(Z + X)]∃(X0, Y0, Z0) ∈ C3 s.t.
X0Z0 − Y0(Y0 + 1) = ∂(XZ − Y (Y + 1), P,Q )
∂(X, Y , Z)
(X0, Y0, Z0) = 0.
But the information we have on (X0, Y0, Z0) is more precise, namely,
∃(U0, V0,W0) ∈ R3 s.t. U20 + V 20 +W 20 = 1 and
X0 = −12 (U0 + iW0), Y0 =
1
2
(V0 − 1), Z0 = 12 (U0 − iW0).
Thus
Z

∂(XZ − Y (Y + 1), P,Q )
∂(X, Y , Z)

intersects the following set:
−1
2
(U + iW ), 1
2
(V − 1), 1
2
(U − iW )
 (U, V ,W ) ∈ R3, U2 + V 2 +W 2 = 1
=

X,−1
2
±

1
4
− |X |2,−X
 X ∈ C, |X | ≤ 12

⊆ S3. 
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